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Abstract
We obtain a travelling-wave solution of a generalised nonlinear Schro¨dinger
equation with an additional term of the form Γ(ψ(x, t)) = λψ(x, t)q, where
λ and q are real constants. Moreover, we show that the density of energy of
the system for the travelling-wave solution presents a Lorentzian solitary
wave behaviour.
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1 Introduction
Nonlinear Schro¨dinger equations (NLSE) have been extensively used for the
study of solitons in several areas of physics, as for instance nonlinear optics,
plasma and water waves [1, 2]. We show here that a Lorentzian is obtained as
the energy density of a travelling solitary wave solution of the generalised NLSE
[3, 4] (some authors call this generalised NLSE as NRT-nonlinear Schro¨dinger
equation). It is interesting to notice that Lorentzian solitary waves were already
found in structures with photonic band gaps [5, 6] and also in internal water
waves [7, 8].
From its proposal in [3], this generalised NLSE has attracted a lot of interest
and since then some of its physical and mathematical aspects have been analised
([9] - [24]). The approach of classical field theory shows in [4, 25] that in order to
describe the generalised NLSE it is necessary to consider an additional equation
which is coupled to the previous one. Thus the generalised NLSE behaves as a
1
master equation and there is an additional ”slave” coupled equation that must
be taken into consideration.
The approach developed in references [4, 25] to solve the generalised NLSE
was also shown to be useful in the study of a class of linear Hamiltonians. This
class is chracterised by non self-adjoint position-dependent mass Hamiltonians
[26]. These Hamiltonians had been previously discarded as being non-physical
because they are not self-adjoint. However, in [26] using the approach of classical
field theory developed in [4], which leads to ”master” and ”slave” equations,
was shown that it is always possible to find another self-adjoint Hamiltonian
which is quantum mechanically equivalent to the non self-adjoint Hamiltonian
considered in the class, thus restoring the physical status of these previously
discarded Hamiltonians.
This generalised NLSE proposed in [3] was inspired in a generalisation of
Boltzmann-Gibbs statistical mechanics known as nonextensive statistical me-
chanics [27, 28]. Several works have shown the consistency of this generalisation
and its usefulness to describe several physical systems (see for instance [28, 29]).
In section 2, we present a brief review of the generalised NLSE. In sec-
tion 3, we obtain a solution of the generalized NLSE with the additional term
Γ(ψ(x, t)) = λψ(x, t)q and of its ”slave” equation, where ψ(x, t) is the field
present in that generalised NLSE, λ and q are real constants. We show that the
density of energy presents a Lorentzian solitary wave behaviour for this solution.
Moreover, we show the conservation of momentum. In section 4 we present our
final comments and we indicate the possibility of finding Lorentzian solitary
waves in plasmas.
2 The Generalised Nonlinear Schro¨dinger Equa-
tion
A key function in non-extensive statistical mechanics is a generalisation of the
standard exponential function called q-exponential given as
expq(x) ≡ [1 + (1− q)x]
1/(1−q)
, q ǫℜ, (1)
where expq(x) → exp(x), as q → 1 , and exp(x) is the standard exponential
function.
In [3] a d-dimensional generalised NLSE was introduced for a particle of
mass m,
i~∂t
(
Ψ(~x, t)
ψ0
)
= −
1
2− q
~
2
2m
∇2
(
Ψ(~x, t)
ψ0
)2−q
, (2)
where ∂t ≡ ∂/∂t, ∇
2 is the d-dimensional Laplacian and ψ0 is a constant. In the
limit of q → 1 equation (2) recovers the standard kinetic term of Schro¨dinger
equation and it is easy to see that the generalisation of the plane wave
Ψ(~x, t) = ψ0 expq(i(
~k.~x− ωt)) = ψ0
[
1 + i(1− q)(~k.~x− ωt)
] 1
1−q
, q ǫℜ, (3)
2
is a solution of the generalised NLSE given in eq. (3) with
~p = ~~k; E = ~ω; E =
~p 2
2m
. (4)
From now on, we use ψ(~x, t) ≡ Ψ(~x, t)/ψ0.
In [4] in order to have a consistent classical field theory for this model was
shown that it is necessary to introduce a new field Φ(~x, t) which becomes the
complex conjugate of ψ(~x, t) only when q = 1. Let us define the following
Lagrangian
L(ψ(~x, t),Φ(~x, t)) =
[
i~Φ(~x, t)∂tψ(~x, t)−
~
2
2m
ψ(~x, t)1−q ~∇Φ(~x, t).~∇ψ(~x, t)
−Φ(~x, t)Γ(ψ(~x, t)) + c. c. t.] , (5)
where Γ(ψ(~x, t)) is a functional of ψ(~x, t) and the c. c. t. in the above equation
indicates the complex conjugate terms of the three previous terms in the brack-
ets. The Euler-Lagrange equations of the above Lagrangian for Φ(~x, t), ψ(~x, t)
and its complex conjugates are
i~∂tψ(~x, t) = −
1
2− q
~
2
2m
∇2ψ(~x, t)2−q + Γ(ψ(~x, t)), (6)
−i~∂tΦ(~x, t) = −
~
2
2m
ψ(~x, t)1−q∇2Φ(~x, t) + Φ(~x, t)
∂Γ(ψ(~x, t))
∂ψ(~x, t))
, (7)
−i~∂tψ
⋆(~x, t) = −
1
2− q
~
2
2m
∇2ψ⋆(~x, t)2−q + Γ(ψ⋆(~x, t)), (8)
i~∂tΦ
⋆(~x, t) = −
~
2
2m
ψ⋆(~x, t)1−q∇2Φ⋆(~x, t) + Φ⋆(~x, t)
∂Γ(ψ⋆(~x, t))
∂ψ⋆(~x, t))
. (9)
Note that, eq. (6) for Γ(ψ(~x, t)) = 0 is the same as eq. (2) and there are
additional equations for Φ(~x, t) and its complex conjugate (eqs. (7) and (9))
which are linear equations for Φ(~x, t) when Γ(ψ(~x, t)) = 0. The equation for
Φ(~x, t) depends on the solution of eq. (6), i.e., it is a sort of ”slave” equation. In
order to find the solution of the system of equations we should first obtain the
solution of the equation for ψ(~x, t), (6), and insert this solution into equation
for Φ(~x, t), in (7). Moreover, it is clear by comparing eqs. (7) and (8) that, in
general, Φ(~x, t) 6= ψ⋆(~x, t). Equation (7) is linear when Γ(ψ(~x, t)) = 0, while eq.
(8) is nonlinear even for Γ(ψ(x, t) = 0.
This approach that considers a second field, namely ψ(~x, t) and Φ(~x, t), has
been shown interesting and useful even in the scope of linear systems. In [26] a
position-dependent mass quantum Hamiltonians (PDMH), that had been dis-
carded because they were non self-adjoint, was analysed. In order to construct
a classical field theory for these systems was shown that it was necessary to in-
troduce an additional field in the same way as it was introduced in the nonlinear
system we presented above. However, in all PDMH considered in [26] there is
always a transformation between the second field Φ(~x, t) and the complex con-
jugate of the first field, i.e., ψ⋆(~x, t). This transformation is possible because for
3
this linear system both equations for ψ⋆(~x, t) and Φ(~x, t) are linear. Moreover,
with this transformation it is always possible to find another self-adjoint Hamil-
tonian, written in terms of ψ(~x, t) and ψ⋆(~x, t), which is quantum mechanically
equivalent to the previous non self-adjoint Hamiltonian.
For the nonlinear system we are considering here it seems not to be possible
to find a similar transformation to that described above for the linear system.
Differently from the linear case, in the nonlinear case the differential equation
for ψ⋆(~x, t) is a nonlinear one for all values of Γ(ψ(~x, t)), while Φ(~x, t) is de-
scribed by a linear differential equation when Γ(ψ(~x, t)) = 0. Thus, in case it
exists, a transformation between Φ(~x, t) and ψ⋆(~x, t) should transform a non-
linear differential equation into a linear one when Γ(ψ(~x, t)) = 0.
3 The Lorentzian Solitary Wave Solution
From now on, we restrict our analysis to one spatial dimension. Let us now ob-
tain a travelling-wave solution of the equations (6-7) for Γ(ψ(~x, t)) = λψ(~x, t)q.
To this end it is convenient to define z ≡ i(kx − ωt). In terms of z eqs. (6-7)
are written as
~ωψ′(z) =
~
2k2
2m
[
ψ(z)1−qψ′′(z) + (1− q)ψ(z)−q(ψ′(z))2
]
+ λψ(z)q,(10)
−~ωΦ′(z) =
~
2k2
2m
ψ(z)1−qΦ′′(z) + qλΦ(z)ψ(z)1−q. (11)
It is easy to verify that [30])
ψ(z) = expq(z) (12)
is a solution of (10) where λ = ~ω − ~
2k2
2m . Let us consider the solution of eq.
(11) for the above value of λ and for the case where ω = c~k
2
2m with c a real
constant. In this case inserting also eq. (12) into eq. (11) we find the following
solution for Φ(z)
Φs(z) = expq(z)
−c−q+a+1
2
[
c1 + c2 expq(z)
−a
]
, (13)
where c1,2 are two arbitrary constants and a =
√
−6q(1− c) + (1− c)2 + q2.
It is easy to see that when c→ 1 eq. (13) becomes
Φc=1(z) = c1 expq(z)
−q + c2 , (14)
which is the result found in [4].
The canonical conjugate fields to ψ(x, t) and Φ(x, t) are
Πψ(x, t) =
∂L
∂ψ˙(x, t)
= i~Φ(x, t) ; Πψ⋆(x, t) =
∂L
∂ψ˙(x, t)⋆
= −i~Φ(x, t)⋆;
ΠΦ(x, t) =
∂L
∂Φ˙(x, t)
= 0 ; ΠΦ(x, t)
⋆ =
∂L
∂Φ˙(x, t)⋆
= 0. (15)
4
Using these above definitions with L given in eq. (5) we obtain for the Hamil-
tonian H
H =
1
2
[
~
2
2m
ψ(x, t)1−q∂xΦ(x, t)∂xψ(x, t) + λΦ(x, t)ψ(x, t)
q + c.c.t.
]
. (16)
Inserting the solutions ψs(x, t) and Φs(x, t), the value of λ = ~ω −
~
2k2
2m and
choosing
ω =
c~k2
2m
(17)
in H we get
E(z) =
1
2
~
2k2
2m
[
−ψ1−qs (z)Φ
′
s(z)ψ
′
s(z) + (c− 1)Φs(z)ψs(z)
q + c.c.t.
]
(18)
Consider for instance the solution Φs(z) given in eq. (13) with c1 = 0 and c2 6= 0
1. In this case we find
E(z) =
c2
4
~
2k2
2m
[
(3c+ a+ q − 3) expq(z)
1+q−a−c
2
]
+ c.c.t. . (19)
By choosing
a =
1 + 2q − q2
1 + q
, (20)
c =
2
1 + q
, (21)
we obtain a Lorentzian solitary wave for the density of energy
E(x, t) =
2c2
1 + q
~
2k2
2m
1
1 + (1 − q)2(kx− ωt)2
. (22)
Thus the energy of the solution in eqs. (12) and (13) with constant c in eq. (21)
is a Lorentzian solitary wave with total energy
Es =
2c2
1 + q
~
2k2
2m
π
|(1− q)k|
, q 6= 1 , (23)
where |x| in the above equation means the absolute value of x. However, taking
into account eqs. (17) and (21) and choosing c2 =
|(1−q)k|
π the total energy of
the Lorentzian wave is
Es =
2
1 + q
~
2k2
2m
, q > −1, q 6= 1 . (24)
It is important to stress that the density of energy is positive for all values of x
and the total energy is finite for this solution. Both are necessary conditions to
have a sound solution.
1It may be easily verified that the same result is obtained by choosing c1 6= 0 and c2 = 0
5
Let us now show that the momentum density [4]
ρx(x, t) ≡
1
2
[−i~Φ(x, t)∂xψ(x, t) + c.c.t.] , (25)
is a conserved charge of the system. Firstly, take the time derivative of ρx(x, t)
2i~∂tρx(x, t) = i~∂tΦ(x, t)∂xψ(x, t) + Φ(x, t)∂x (i~∂tψ(x, t)) + c.c.t.. (26)
Using the equations of this system, given in eqs. (6 - 7), for Γ(ψ) = λψ(x, t)q
one obtains
2i~∂tρx(x, t) =
~
2
2m
[
ψ(x, t)1−q∂xψ(x, t)∂
2
xΦ(x, t)
−3(1− q)Φ(x, t)ψ(x, t)−q∂xψ(x, t)∂
2
xψ(x, t) − Φ(x, t)ψ(x, t)
1−q∂3xψ(x, t)
+q(1− q)Φ(x, t)ψ(x, t)−1−q (∂xψ(x, t))
3
+ c.c.t.
]
. (27)
Expanding the derivatives
∂x
[
Φ(x, t)ψ(x, t)1−q∂2xψ(x, t)
]
; ∂x
[
ψ(x, t)1−q∂xΦ(x, t)∂xψ(x, t)
]
;
−(1− q)∂x
[
ψ(x, t)−qΦ(x, t) (∂xψ(x, t))
2
]
, (28)
and identifying the expanded terms of these derivatives with the terms in eq.
(27) we obtain
∂tρx(x, t) + ∂xjx(x, t) = 0, (29)
where
jx(x, t) =
~
4m
[
−Φ(x, t)ψ(x, t)1−q∂2xψ(x, t) + ψ(x, t)
1−q∂xΦ(x, t)∂xψ(x, t)
−(1− q)ψ(x, t)−qΦ(x, t) (∂xψ(x, t))
2 − Φ⋆(x, t)ψ⋆(x, t)1−q∂2xψ
⋆(x, t) (30)
+ ψ⋆(x, t)1−q∂xΦ
⋆(x, t)∂xψ
⋆(x, t)− (1 − q)ψ⋆(x, t)−qΦ⋆(x, t) (∂xψ
⋆(x, t))
2
]
Finally, it is simple to realise that inserting the solutions eqs. (12) and (13), for
the values which give the Lorentzian solitary waves in eqs. (20) and (21), into
the density eq. (25) and integrating over all space we obtain
Ps = ~k . (31)
4 Final Comments
We have found a travelling-wave solution of a generalised NLSE (6) with an
additional term Γ(ψ(x, t)) = λψ(x, t)q and of its coupled equation (7). The
density of energy consistent with this generalised NLSE (6) is obtained from
classical field theory (16). For specific values of the constants of this solution,
6
the density of energy (18) behaves as a Lorentzian solitary wave (22) of total
energy Es =
2
1+q
~
2k2
2m , with q > −1, q 6= 1, and momentum Ps = ~k. Notice
that the total energy of this solution as well as the velocity of the solitary wave
depends on the value of q. Moreover, we have also shown the conservation of
momentum (29).
It would be interesting to investigate the interaction of Lorentzian solitary
waves in order to understand if the density of energy retains the Lorentzian
structure after the interaction. Moreover, there are some papers which show the
existence of acoustic solitons in what is called nonextensive plasma [31, 32, 33],
i.e., plasmas with nonextensive distributions of particles. Since the generalised
NLSE is connected with nonextensive Boltzmann-Gibbs statistical mechanics,
the result of this paper suggests that it may be possible to find Lorentzian
acoustic solitons in a nonextensive plasma.
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